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Multidomain Spectral Solutions of High-Speed
Flows over Blunt Cones

David A. Kopriva*
Florida State University, Tallahassee, Florida 32306

A shock-fitted multidomain spectral collocation method is used to solve steady inviscid supersonic flows over
two blunt, axisymmetric cones. The calculations are compared to a conical flow solution and to experimental

data.

I. Introduction

HE spectral solution of the so-called ‘“blunt-body’’ prob-

lem was first presented in 1984.! Like the typical finite
difference solution,? this calculation used shock fitting and a
time-dependent mapping. Subsequent papers®* showed that,
in comparison to second-order finite difference calculations,
the spectral method is more accurate for the same number of
grid points and less costly for the same accuracy.

In this paper, we apply to the blunt-body problem a shock-
fitted version of the multidomain spectral method developed
over the last five years.>® The multidomain approach adds
several practical advantages to the standard spectral method.®
First, local resolution of steep, though continuous, features is
possible. Also, geometric complexity can be more easily han-
dled. The resulting subproblems are less stiff: they take less
work and can use larger time steps than a single-domain
method with the same number of grid points. Finally, because
most of the flow over long bodies is supersonic, a convenient
marching by subdomains is possible.®

As examples, we solve inviscid flows around two blunt
cones. The first problem is that of supersonic flow over a long,

hyperboloidal cone. That solution will be compared to the.

conical flow solution of an equivalent sharp-nosed cone. The
second problem is the flow over a straight cone with a spheri-
cally blunted nose. For this geometry, experimental data is
available!® at several Mach numbers and we compare our
solutions with this data.

The problems considered here have two significant features
that would present difficulty to the standard spectral method.
First, because we consider long bodies, the total number of

grid points must be large. For the stability of an explicit.

time-marching procedure, the timestep is related to the square
of the number of grid points in each direction. Thus, a single-
domain calculation would be prohibitively expensive.

The second feature plagues even finite difference methods.!
Because of the curvature of the shock near the nose, a narrow
entropy layer forms along the body. This narrow layer would
be difficult and expensive to resolve with a standard spectral
method, even if combined with a mapping. We resolve the
layer efficiently by a narrow set of subdomains along the
body. We note that a zonal approach was suggested (Ref. 11)
for the finite difference resolution of the difficulty.

II. Multidomain Spectral Method

A schematic of the geometry that we consider is shown in
Fig. 1. The (x,y) coordinates denote the axial and radial
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coordinates, respectively. The body of revolution is defined by
its radius, y,(x). Ahead of the body is the bow shock and
supersonic freestream. Since the shock will be fitted, we com-
pute the solution only in the region between the shock and the
body. The freestream conditions upstream of the shock are
specified as boundary conditions.

Flows over two bodies are considered here. The first body is
that of a hyperboloidal cone with unit radius of curvature at
the nose and the height of the cone in (x,y) coordinates is
given by

¥p = tan (8) V(x + xo)? — o

where « = 1/tan(), 6 is the asymptotic angle of the cone, and
Xo = o + 1. The second geometry (Fig. 2) corresponds to the
experimental setup of Cleary.!?

The transformation of the region between the shock and the
body to computational coordinates is done in two steps:
x,»,1) = (1,851) - (X, Y,T). The first mapping is to a coordi-
nate system where s represents the distance along the body
(with s = 0 at the nose), and r is the normal distance from the -
body. In (r,s) coordinates, we create multiple nonoverlapping
subdomains, denoted Gy, which collectively cover the region
between the shock and the body (see Fig. 1). Each subdomain

. is bounded by four curves. In r, these bounds are ry(s,%,k)
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and ry,.(s,t, k). Time-dependent subdomain boundary posi-
tions are included to allow the shock boundary to move with
time. Each of these subdomains is mapped individually to the
unit square, (X,Y) € [0,1] x [0,1] by the transformation

' — I'min (S,t,k)

Xk B T'max (S,t,k)—rmin (S,t,k) (la)
_ S — Smin (k)

Y= e ) — S ) o

T =t (1c)
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Fig. 1 Geometry of the blunt body problem.
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On each subdomain we solve the Euler gas-dynamics equa-
tions in the nonconservative form:

Pr+UPx+ VPy +y[Xux + X, vx + Yyuy + Yyy+(@/y)]=0
ur + Uuy + Vuy + (@*/v) (XoPx + Y,Py) =0
vr + Uvx + Vvy + (@%/y) (X,Px + Y,Py) =0 @
Sr+ USx + VSy =0

where P = fu(p) is the logarithm of the pressure, g = (u,v) is
the Cartesian velocity, and S is the entropy. The contravariant
velocities are U = X; + uX, + vX, and V = uY, + vY,. The
sound speed is defined by a = \/i exp {[(y — DP — S1/2v},
where y = 1.4. The quantities p, S, and the density p are
scaled to the freestream values. Lengths are scaled to the nose
radius. To justify the use of the nonconservation form, and to
ensure that the spectral approximation is not used to approxi-
mate derivatives across the shock, the shock is fitted as a
boundary. 34

Within each subdomain, the spatial derivatives in the equa-
tions are approximated by a standard Chebyshev spectral col-
location method.® The result of the approximation is a system
of ordinary differential equations for the unknowns at each
grid point. The system is advanced in time by a four-stage
Runge-Kutta method.® Numerical experiments show that it is
stable for a Courant number of at least three based on the
smallest grid spacing.

The essential feature of the multidomain spectral method is
the treatment of the interfaces between subdomains.%’ The
treatment that we use allows for local refinement of the grid.
Subdomains can be of any size and the number of grid points
in each is independent of the number of grid points in its
neighbors.

Interface conditions between subdomains for various types
of interface points are described in detail in Refs. 7 and 8. We
summarize the procedure here. The Eqgs. (1) are solved on each
subdomain to get the interior point solutions and (provisional)
values of the flow quantities on the boundaries. Each interface
point has at least two such provisional quantities, one from

r

Fig. 2 Geometry of the blunt cone problem corresponding to the
experiment of Ref. 10.
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Fig.3 Domain of dependence at the interface point between G1, G2,
and Gs.

Pressure

Fig. 4 Pressure, Mach number, and entropy contours with the com-
putational grid for the Mach 4 flow over a 25-deg hyperboloidal cone.

each subdomain to which it is a neighbor. These provisional
quantities are then projected onto inflow and outflow compo-
nents as follows. Four generalized Riemann variables are com-
puted from the infinite number represented by R = P +
(y/a)q - £, where £ is a unit vector. The four choices are
£ = = Nand £ = =+ 7, where Vand 7 represent the normal and
tangent vectors to the interface. To obtain the correct domain
of dependence, the Riemann variables are then selected ac-
cording to the subdomain from which their associated bichar-
acteristic comes. If the grid points do not match across the
interface, the incoming quantities are interpolated using the
natural Chebyshev interpolation that defines the method. The
resulting Riemann variables are then recombined to get cor-
rected values of the flow quantities.

As-an example, we consider the computation of the flow
quantities at the intersection point between the three domains
Gy, Gy, and G, shown in Fig. 1. A schematic of this situation
is shown in Fig. 3. In Ref. 7, this was called a “‘T’’ intersec-
tion. The difference now is that, because the top boundary is
a moving boundary, the interfaces between G, and G; and
between G| and G, move relative to each other. Superimposed
on the grid of Fig. 3, we show a projection of the bicharacter-
istic cone that affects the interface point. We represent the
base of the bicharacteristic cone by the circle. Since the length
of the fluid velocity vector ¢ is shown smaller than the sound
speed represented by the radius of the circle, Fig. 3 shows a
subsonic situation. Four bicharacteristics have been chosen
corresponding to £ = +X, xj. According to this choice,
R* =P+ yii/aand S* = P+ v ¥/a are computed from the
provisional values P, i, and ¥ interpolated to the point in
subdomain G|, and the sound speed evaluated at the previous
time level. R ~ is computed from the interface point in Gj.

The interface condition requires that the true Riemann vari-
ables at the interface equal those computed from the provi-
sional quantities.” Thus, we have four equations

P+(/a)u=R*
P—(y/a)u =R~
P+(y/ayv=S+
P—(y/ayv=S5-
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Fig. 6 Convergence of the pressure for the solution of Fig. 4. The
jumps are the result of the marching by zones described in the text.

from which to calculate the three quantities, P, u, and v. Our
choice of the four bicharacteristics makes the calculation of
the velocities simple:

u=@?2y)yR*—-R")

v=(@/2y) (St -87)
The pressure is computed by combining all four Riemann
variables and subtracting the value computed in the upstream

subdomain G; (see Ref. 7 for details).

P=% (R*+R-+S8* +S- —2P)

Finally, the entropy is advected along streamlines so its
domain of dependence is given by the vector g shown in Fig.
3. Thus, the corrected value of the entropy is just the value
computed in Gy, i.e., S = S,. There is no essential complica~
tion in the fact that the interfaces move relative to each other,
if necessary. We call such an interface a ‘‘shear interface.”” It
is necessary only to update the grid connections and calculate
the interpolation parameters at each timestep.

In fully supersonic flow, the interface procedure reduces to
the conditions expected. At the outflow boundary, all
Riemann variables are computed from the interior, so no
external boundary condition is -applied. At an inflow
boundary, all Riemann variables are computed from the up-
stream subdomain so all variables are specified.

III. Results
Hyperboloidal Cone Problem

The first problem that we consider is the Mach 4 flow over
a 25-deg hyperboloidal cone of length 50 nose radii. The
solution contours and grid are shown in Fig. 4. A blowup of
the region around the nose is shown in Fig. 5. As'is typical for
spectral multidomain calculations,%’ the solutions are smooth
through the interfaces between subdomains, which are drawn
on the grid plots as heavy lines. Clearly visible is the narrow
entropy layer that forms along the body. To resolve this layer,
we use a narrow strip of subdomains along the body. Outside
the entropy layer, where the solution is nearly constant, a
coarser grid is used.

The steady-state solutions of this and the problems in the
next section were obtained by the zonal marching technique
described in Ref. 8. A zone is a group of subdomains that have
the same values of S, and spa.. The solution on a subdomain
containing only supersonic flow does not need to be computed
until the subdomains upstream of it are converged. Subdo-
mains downstream do not need to be computed until it is
converged. Thus, only a fraction of the total grid needs to be
solved at any given time, and the locally computed timestep
can be used. Since the flow is supersonic over most of flow-
field, this leads to an efficient solution technique for long
bodies. Figure 6 shows the pressure residual history for the
calculation in Figs. 4 and 5 for a residual tolerance set to
10~ B, As a zone converges, an initial condition extrapolated
into the next zone and the calculation proceeds. For the con-
vergence tolerance set to 10~73, the calculation requires only
3400 timesteps and a total of 250 s on an IBM RS/6000 320H,
which runs at approximately 4-5 mflops.

We can compare the solution of the flow over the hyper-
bolic cone to the conical flow solution over an equivalent
sharp-nosed cone. As a test of the shock-fitting algorithm,
Fig. 7 compares the shock shapes. First, far down the length
of the cone, the shapes of both the body and the shock
approach those of a sharp-nosed cone as required.

Outside the entropy layer, the flow between the shock and
the body asymptotically approaches the conical result. Figure
8a-8c shows the pressure, velocity, and entropy at the exit
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Fig. 7 Approach of the hyperboloidal cone and its computed shock
to the sharp-nosed cone and its shock.
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plane of the calculation shown in Fig. 4. The steep layer in the
velocity and entropy is well resolved by the narrow subdo-
mains near the body. Outside the entropy layer, the computed
and expected results are indistinguishable. The pressure only
appears to have the worst error of the three curves, but the
effect is due to the scale. At the body, the error is only 0.09%.
Finally, the shock wave occurs at the proper distance from the
body.

Blunt Cone Problem

We have also solved the flow over the geometry shown in
Fig. 2. This geometry corresponds to the & = 15 deg experi-
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Fig. 8 Profiles of the computed pressure, velocity, and entropy at
the exit plane of Fig. 4 compared to the conical flow solution.

Fig. 9 Grid used to compute the spherical nose flows.
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Fig. 10 Comparison of computed and experimental shock positions
for supersonic flow over a sphere.
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Fig. 11 Comparison of pressure coefficients on a spherical body.
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ments of Cleary.!? Freestream Mach numbers for his experi-
ments were M,, = 5.25, 7.4, and 10.6. Experimental data were
not obtained in the viscous boundary layer itself. Thus, Cleary
claims that his data reflect an essentially inviscid flow, at least
near the nose. We will compare computed solutions and the
experimental results at all three Mach numbers. Data exists for
two cones with half-angle § = 15 and 30 deg. Only the 15-deg
cone will be considered, since the experimental data for this
case shows far less scatter.

We begin our discussion of the results by considering the
flow over the spherical nose only. For this problem, experi-
mental measurements of shock positions were presented by
Ryabinkov.!?2 Measured pressure coefficients along the surface
are presented by Cleary.!?

Figure 9 shows the grid used to compute the flow over the
spherical nose. In these calculations, three subdomains were
used. As another test of the shock-fitting algorithm, Fig. 10
shows the computed shock positions and the experimental
results of Ref. 12 for three freestream Mach numbers. Of the
three cases, the computed standoff distances at the nose differ
by at most 1.4%.

Figure 11 shows the computed and experimental pressure
coefficients

Co = (Pooay — Pw)/(v/2) PuM’

for the three Mach numbers in Cleary’s experiments. In all
three cases, the agreement is excellent, at least to within the
scatter in the experimental data. Because of the way that the
experiments were done, Cleary claims that the data should
only be accurate to x* = 0.75. We still see good agreement for
the larger values of x’.

We consider next the solution of the blunt cone problem
itself. Figure 12 shows the contours of the pressure, Mach
number, entropy, and the grid on which they were computed
for the M = 10.6 case. Clearly visible in the pressure plot is the
steep expansion wave generated at the joint between the cone
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Fig. 12 Solution contours and grid for Mach 10 flow over a iS-deg
blunt cone.
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Fig. 13 Comparison of the pressure coefficients along the 15-deg
cone.
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Fig. 14 Total pressure coefficient variation normal to the cone at
x’ = 3.59.

and the nose. Also apparent is the entropy layer that forms far
downstream along the body. The subdomain decomposition
and the distribution of grid points were chosen to resolve these
features.

A comparison of the pressure coefficients along the cone
surface is shown in Fig. 13. Here, again, we see good agree-
ment, although the computation slightly underpredicts the
experimental values. Agreement is better at the higher Mach
numbers.

Experimental data for the variation of the solution normal

to the cone surface is available at two stations, x’ = 3.59 and

x’ =16.67 for M = 10.6. The latter position shows viscous
effects so we do not consider it here. The experimental data is
given in terms of the pressure coefficient derived from the
pitot pressure. We scale our results to match the pressure
coefficient in the freestream.

Figure 14 shows the variation of the pitot pressure coeffi-
cient normal to the body at x’ = 3.59. Recall that the nose
ends at x’ = 1. Thus x’ = 3.59 represents a distance of three
and one-half nose radii or 18% down the total length of the
body. Since the shock is fitted, the solution upstream is known
exactly, i.e., p=p=1, M =M,, and S =0. The solution
drawn on Fig. 14 beyond the shock represents that exact
solution. Except at the shock and at the body, the computed
solution represents the experimental data within the scatter of
the data. Note also that although the true shock shows the
effects of viscosity and the shock-fitted solution does not, the
shock does occur in the correct place.

IV. Summary

A multidomain spectral.code was developed to compute the
steady inviscid axisymmetric flow over conical bodies. The
calculations presented here include flows over a long (50 nose
radii) 25-deg hyperbolic cone and over a 15-deg blunt-nosed
straight cone. Other calculations of the flow over a hyper-
boloid involved cone half-angles between 10 and 30 deg and
lengths up to 225 nose radii. The hyperboloidal cone solutions
were compared to a conical flow. For the straight cone with a
spherical nose, solutions at Mach numbers between five and
11 were compared to experiments.
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